Abstract. The property of Dunford-Pettis for a locally convex space was introduced by Grothendieck in 1953. Since then it has been intensively studied, with especial emphasis in the framework of Banach space theory.
Preliminaries
The aim of this paper is to give an analogue to the Dunford-Pettis property in the context of topological Abelian groups, as explained in Section 3. In this spirit we define in Section 2 the Bohr sequential continuity property, which holds for a class of groups larger than that of Hausdorff locally compact Abelian (LCA) groups. The most satisfactory situation would be, if for any locally convex space E, the BSCP were equivalent to the Dunford-Pettis property. The question does not go so smoothly; we have obtained some related results and an insight to properties which so far had only been treated for topological vector spaces and, in fact, they can be extended to topological Abelian groups.
We now introduce notation and relevant facts. Let G be an Abelian topological group; we denote by N e (G) the set of all neighborhoods of the neutral element e. The group of all continuous homomorphisms (also named characters) from G into the torus T = {z ∈ C : |z| = 1}, considered with pointwise multiplication, [10] ). Therefore, the topologies σ(X, Y ) and σ(Y, X) can be viewed as the Bohr topologies of (X, σ(X, Y )) and of (Y, σ(Y, X)), respectively. Thus, the groups (G, σ(G, G ∧ )), (G ∧ , σ(G ∧ , G)) and (G ∧ , σ(G ∧ , G ∧∧ )) are precompact. In particular, for the real line R, the Bohr topology σ(R, R ∧ ) is strictly coarser than the usual topology. For the additive discrete group of the integers Z, the corresponding Bohr topology σ(Z, Z ∧ ) is nondiscrete. The notion of polar set will be used in the sequel. Let (X, Y ) be a group duality, and let A ⊂ X, B ⊂ Y be nonempty subsets. The polars of A and B respectively are A := {φ ∈ Y : Re(φ(x)) ≥ 0, ∀x ∈ A} and B := {x ∈ X : Re(φ(x)) ≥ 0, ∀φ ∈ B}, where Re stands for the real part. The subset A is called quasi-convex with respect to (X, Y ) if for every x ∈ X\A, there is some χ ∈ A such that Reχ(x) < 0.
1 The compact Abelian group (Γ, σ(Γ, G ∧ )), where Γ = Hom(G ∧ , T), is called in the literature the Bohr compactification of G. It is not a compactification in the sense of General Topology, unless G is endowed with the Bohr topology. The density of α G (G) in (Γ, σ(Γ, G ∧ )) follows from a Stone-Weierstrass type theorem; see [12, Theorem 1.9] . See also [11] for a deep study of the Bohr topology.
The quasi-convex hull of any subset H ⊂ X is defined as the set (H ) . A subset A ⊂ G, quasi-convex with respect to (G, G ∧ ), will be simply called quasi-convex. An Abelian topological group G is locally quasi-convex if it has a neighborhood basis of the neutral element e, given by quasi-convex sets. The dual G ∧ c of any Abelian topological group G is locally quasi-convex. This implies that any reflexive group is locally quasi-convex. We refer the reader to [1] , [2] , [10] for more information about reflexive and locally quasi-convex groups.
1. Continuity of the evaluation mapping w :
In this section it will become clear that "admissibility" is a very strong condition. On behalf of this, the main property in this paper, introduced in Section 2, is based on sequential continuity of the evaluation.
In a previous work [20] , the first author obtained that there are no reflexive groups outside the class of LCA groups, for which the compact open topology is admissible. As we will see next, this fact holds for a class of groups larger than that of reflexive ones. An Abelian topological group G is said to have the quasi-convex compactness property (or briefly, the qcp) if the quasi-convex hull of every compact subset of G is again compact. 
This property, first defined in [5] , is the natural analogue of the convex compactness property, well known for locally convex vector spaces. In the same reference it can be seen that a reflexive group has the qcp. equicontinuous and compact in G ∧ c (see, e.g., [10] ), it satisfies the conditions of (c).
. In order to prove the continuity of w at (
The continuity of w at any point (φ, x) ∈ G ∧ × G follows easily from the continuity at (1, 0).
The proof of (b ) ⇒ (a) is similar.
Corollary 1.3. Let τ be a Hausdorff group topology in G ∧ . The following assertions hold:
(
According to [1, (7.11) ] the set (B ) is finite. Therefore, the group G ∧ τ has a finite neighborhood of 1. Since τ is a Hausdorff group topology, it is discrete.
(b) follows from (a) together with the fact that G ∧ τ is precompact and Hausdorff.
The Bohr sequential continuity property
We will say that an Abelian topological group G has the Bohr sequential continuity property or, for short, the BSCP if the evaluation mapping
is sequentially continuous with respect to the product topology. The existence of nonfinite topological groups with the BSCP is not clear just from the definition. In order to provide such examples, we first present some auxiliary notions and results.
Recall that an Abelian topological group G is said to have: 1) the Schur property if any σ(G, G ∧ )-convergent sequence is also convergent in the original topology of G, and 2) the Glicksberg property or G respects compactness if any σ(G, G ∧ )-compact subset of G is also compact in the original topology of G. By a well-known theorem of Glicksberg, every LCA group respects compactness. Observe that if G has the Schur or the Glicksberg property, the same holds for any of its subgroups. It is standard to check that a dually separated group G with the Glicksberg property has the Schur property too.
In Proof. (a) Let {φ n : n ∈ N} be a sequence in
Since G is sequentially barrelled, {φ n : n ∈ N} is equicontinuous. This implies that {φ n : n ∈ N} converges to 1 in G Finally, note that any nuclear group respects compactness [3] , and hence it has the Schur property. If G is metrizable, (e) follows from (c). For aČech-complete nuclear group, its dual is again nuclear [1, (20.36 (ii) The rational numbers with their natural topology constitute an example of a metrizable nuclear group (thus, with BSCP) that is not sequentially barrelled. In fact, by means of the exponential mapping we identify a real number with a character on Q. The sequence {x n = n! : n ∈ N} ⊂ R converges to the character 1 in σ(Q ∧ , Q), but it is not equicontinuous. The same example shows that (c) is not a consequence of (b).
We study now how the BSCP is transmitted to the dual. Whether semireflexivity can be removed in the next proposition is not known to the authors. The following formulation of the BSCP in terms of uniform convergence might have some interest of its own. It allows us to prove that, under suitable conditions, the BSCP implies the Schur property (Proposition 2.8).
Proposition 2.7. For an Abelian topological group G, the following statements are equivalent:
(a) G has the BSCP.
were not true, there would exist > 0 (passing to a subsequence if necessary), such that
Then, for some sequence {φ n : n ∈ N} in K,
there is a subsequence (φ nj ) of (φ n ) and a character φ ∈ K such that φ nj → φ. By the BSCP of G, w(φ nj , x nj ) → 1. This contradicts ( * ).
(b) ⇒ (a) Take x n → 0 in the Bohr topology of G and
). An easy argument shows that the compact set K := {ϕ n : n ∈ N} ∪ {1} is also sequentially compact in σ(
(a) ⇔ (c) can be proved similarly. Proof. Let us prove that if (1) holds, then G has the Schur property. The rest of the proof follows from the observation that (4) ⇒ (3) ⇒ (2)⇒ (1).
Proposition 2.8. Let G be an Abelian topological group with the BSCP. Then G has the Schur property, provided one of the following conditions holds: (1) G is locally quasi-convex and the equicontinuous σ(G
Take a sequence {x n : n ∈ N} ⊂ G convergent to 0 in σ(G, G ∧ ). Since G is locally quasi-convex, in order to show that x n → 0, it is sufficient to see that it is eventually contained in any quasi-convex neighborhood of 0. Thus, let U ∈ N 0 (G) be such that U = (U ) . The set U is σ(G ∧ , G)-compact and equicontinuous (cf. 
Thus, x n ∈ (U ) = U for sufficiently large n, which concludes the proof.
Within the class of separable metrizable locally quasi-convex groups, there is even equivalence between the BSCP and the Schur property, as shown in Theorem 2.9, whose proof derives from Propositions 2.4(c) and 2.8. Observe that separability cannot be removed from it. In fact, in Proposition 3.4 we give an example of a complete metrizable reflexive group with the BSCP that does not have the Schur property. Proof. Note that a locally convex space considered as a group is locally quasi-convex [2, (2.4) ]. Thus, if G is separable, the equivalence follows from Theorem 2.9. Under the assumption of ordinary reflexivity (without separability), taking into account [6, Theorem 11 (ii) ], the proof follows from Propositions 2.8 and 2.4(c).
The above results have a "Functional Analysis" flavour. In fact, they show that notions like barrelledness, the Schur property, etc., widely known in the framework of topological vector spaces, can be successfully studied within the class of topological groups.
3. The Dunford-Pettis property versus the BSCP for locally convex spaces
In the previous section we defined the BSCP in an attempt to extend the Dunford-Pettis property from locally convex spaces to Abelian topological groups. However, a total coincidence of the two properties cannot be expected, since dual groups are endowed with the compact open topology while dual vector spaces are endowed with the topology of uniform convergence on bounded subsets. Thus, the bidual space of a locally convex space is not, in general, algebraically isomorphic to its bidual group, obtained by considering only its additive structure.
In order to make our ideas precise, after some standard notation for the vector space setting, we shall study the Schur, the BSCP and the Glicksberg properties for the very special class of Abelian topological groups formed by the locally convex spaces.
Let E be a locally convex space. The dual space of E is the vector space of continuous linear functionals E * , endowed with the topology of uniform convergence on bounded subsets of E; it will be denoted by E * β (or simply E * , since this is the most natural topology for the dual of a topological vector space). The set E * endowed with the compact open topology, E * c , will be called the Pontryagin dual space of E in resemblance to the group theory.
We put E * * := (E * β ) * ; it is clear that (E * c ) * is a vector subspace of E * * , which in general may be proper. The evaluation mapping e : E * × E → R is defined by e(x * , x) = x * (x). Recall that E is said to be reflexive if the mapping x → e(·, x) from E to (E * β ) * β is a homeomorphism. If it is only bijective, E is called semireflexive. Analogously, E is Pontryagin reflexive if the mapping x → e(·, x) from E to (E * c ) * c is a homeomorphism, and Pontryagin semireflexive if it is a bijection. The following well-known facts were established in [22] :
• E ∧ = {exp(2πix * ) : x * ∈ E * }. • The mapping x * → exp(2πix * ) is a topological group isomorphism between E * c and E ∧ c that preserves the equicontinuous subsets.
• The space E is Pontryagin reflexive (or semireflexive) iff it is reflexive (or semireflexive) as a group. The symbols σ(E, E * ), σ(E * , E), σ(E * , E * * ) and σ(E * , (E * c ) * ) will have their usual meaning; we denominate them weak or weak-star topologies, as is done in the theory of locally convex spaces.
Observe that, whenever E * = {0}, the Bohr topology σ(E, E ∧ ) is strictly coarser than the weak topology σ(E, E * ) and the same is true for the Bohr topology and the weak topology of the locally convex space E * c . However, the topological vector space (E, σ(E, E * )) and the topological group (E, σ(E, E ∧ )) have the same convergent sequences and the same compact subsets [21] . A direct proof of this fact can also be derived from the assertion that R, as a group, has the Schur and the Glicksberg properties. Next, we transcribe our definitions of the Schur, the Glicksberg and the BSCP to the language of locally convex spaces. 
